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Abstract
The paper is devoted to constructive theory of synthesis of irreducible polynomials and
irreducible N-polynomials (with linearly independent roots) over ﬁnite ﬁelds. For a suitably
chosen initial N-polynomial F1ðxÞAF2s ½x of degree n; polynomials FkðxÞAF2s ½x of degrees
2k1n are constructed by iteration of the transformation of variable x-x þ d2x1; where
dAF2s and da0: It is shown that the set of roots of the polynomials FkðxÞ forms a normal basis
of F
22
k1sn over F2s : In addition, the sequences are trace-compatible in the sense that the trace
relation maps the corresponding roots onto each other. Furthermore, for a prime power
q ¼ ps; some recurrent methods for constructing families of monic irreducible polynomials of
degree npk; kX1; over Fq is given. This construction is a generalization of Varshamov’s
construction given for prime ﬁelds. The construction gives an iterative technique to construct
sequences ðFkðxÞkX0Þ of N-polynomials of degree pkþ2 over Fq:
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1. Introduction
Let Fq be the Galois ﬁeld of order q ¼ ps; where p is a prime and s is a natural
number and Fq be its multiplicative group. Let FðxÞ be a monic irreducible
polynomial of degree n over Fq and b be a root of FðxÞ: The ﬁeld FqðbÞ ¼ Fqn is an
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n-dimensional extension of Fq and can be considered as a vector space of dimension
n over Fq: The Galois group of Fqn over Fq is cyclic and is generated by the Frobenius
mapping sðaÞ ¼ aq; aAFqn :
A normal basis of Fqn over Fq is a basis of the form N ¼ fa; aq;y; aqn1g; i.e. a
basis consisting of all the algebraic conjugates of a ﬁxed element aAFq : Recall that
an element aAFqn is said to generate a normal basis over Fq if its conjugates form a
basis of Fqn as a vector space over Fq: For our convenience we call an element a
generating a normal basis a normal element.
A monic irreducible polynomial FðxÞAFq½x is called normal or N-polynomial
if its roots are linearly independent over Fq: The minimal polynomial of an
element in a normal basis fa; aq;y; aqn1g is mðxÞ ¼ Qn1i¼0 ðx  aqiÞAFq½x; which is
irreducible over Fq: The elements in a normal basis are exactly the roots of some
N-polynomial. Hence an N-polynomial is just another way of describing a normal
basis. It is well known that such a basis always exists and any element of N is a
generator of N:
In this paper we consider only monic polynomials, i.e. the polynomials whose
leading coefﬁcient is equal to 1:
The construction of N-polynomials over any ﬁnite ﬁelds is a challenging
mathematical problem. Interest in N-polynomials stems both from mathematical
theory and practical applications such as coding theory and several cryptosystems
using ﬁnite ﬁelds.
The problem in general is: given an integer n and the ground ﬁeld Fq; to construct
a normal basis in Fqn over Fq; or equivalently, construct an N-polynomial in Fq½x of
degree n; using an efﬁcient construction method.
Several authors have given algorithms for the construction of normal bases. The
polynomial-time algorithms given by Lenstra [5] and Lu¨neburg [6] are similar to the
classical procedure of Gauss for determining primitive elements in cyclic groups.
Semaev [13] has given a general algorithm which reduces in deterministic polynomial
time the construction of a normal basis to factoring polynomials. In each case these
algorithms do not allow the construction of the corresponding N-polynomials, at
least not in an obvious way.
Our aim now is to determine, over any ﬁeld Fq; where q ¼ ps; sequences
ðFkðxÞÞk40 of N-polynomials of degree npk; in such a way that starting from a
suitable polynomial F1ðxÞ of degree n the polynomials FkðxÞ are iteratively generated
by a simple rational transformation. Such a sequence of polynomials deﬁnes a
sequence of extension ﬁelds F
qnp
k whose union is denoted by FqnpN ¼
S
kX0 Fqnpk :
Some results on the construction of speciﬁc sequences ðFkðxÞÞkX1 of
N-polynomials over Fq; the interested reader can ﬁnd in [1,3,8,9,11]. All these
constructions of sequences ðFkðxÞÞkX1 of N-polynomials are considered as
computationally easy.
Cohen [2] and McNay [7] gave iterative constructions of irreducible polynomials
of 2-power degree over ﬁnite ﬁelds of odd characteristics. Meyn [9] and Chapman [1]
have shown that these polynomials are N-polynomials.
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Another family of N-polynomials of degree 2k was given by Gao [3]. In [3] Gao
constructed speciﬁc sequences ðFkðxÞÞkX0 of N-polynomials of degree pkþ2 over Fp:
He used substitutions introduced earlier by Varshamov [14], which will be discussed
in Section 4.
In [11] Sheerhorn constructed a sequence of N-polynomials of degree pkþ1 over Fq;
which will be discussed in Section 4.
In this paper computationally easy explicit constructions of sequences ðFkðxÞÞkX0
of monic irreducible and normal polynomials over Fq are presented.
In Section 3, for a suitable chosen initial N-polynomial F1ðxÞAF2s ½x of degree n;
the deﬁning polynomials FkðxÞAF2s ½x of degrees 2k1n are constructed by iteration
of the transformation of variable x-x þ d2x1; where dAF 2s : Moreover, the set of
roots of the polynomials FkðxÞ forms a normal basis of F22k1sn over F2s : In addition,
the sequences are trace-compatible in the sense that the trace relation maps the
corresponding roots onto each other.
In the constructions of N-polynomials over F2s suggested by Gao [3] and
Scheerhorn [11] the initial polynomial is a quadratic normal polynomial. We suggest
a construction in which the initial polynomial is a normal polynomial of arbitrary
degree.
In Section 4 some recurrent methods to construct families of monic
irreducible polynomials of degree npkþ1; kX0 over Fq are given. The presented
construction is a generalization of Varshamov’s construction which was given
for Fp ﬁelds [15].
In particular, this construction gives a more general iterative technique to
construct sequences ðFkðxÞÞkX0 of N-polynomials of degree pkþ2 over Fq compared
with the ones given by Gao [3] and by Scheerhorn [11].
Finally, in Section 5 it is proved that if PðxÞ is an N-polynomial of degree n ¼ pen1
with gcdðp; n1Þ ¼ 1 and eX1; over Fq; then the polynomial FðxÞ ¼ Pðax þ bÞ; where
a; bAFq and aa0; is an N-polynomial over Fq:
2. Preliminaries
We use here the deﬁnitions and notation used by Gao in [3] and by Meyn in [9],
where similar problems for ﬁelds of odd characteristics were considered.
The trace function of Fqn over Fq is
TrqnjqðaÞ ¼
Xn1
i¼0
aq
i
; aAFqn :
The trace function is a linear functional from Fqn to Fq: For brevity, we denote the
trace function by Trqnjq: The trace of an element over its characteristic subﬁeld is
called the absolute trace.
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Recall that the Frobenius map:
s : Z-Zq; ZAFqn
is an automorphism of Fqn that ﬁxes Fq:
In particular, s is a linear transformation of Fqn viewed as a vector space of
dimension n over Fq: By deﬁnition, aAFqn is a normal element over Fq if and only if
a; sa ¼ aq; s2a ¼ aq2 ;y; sn1a ¼ aqn1 are linearly independent over Fq: In terms of
linear algebra, this is equivalent to saying that a is a cyclic vector of Fqn over Fq for s:
To characterize all the normal elements, we ﬁrst determine the minimal and
characteristic polynomials of s:
Proposition 1. The minimal and characteristic polynomial for s are identical, both
being xn  1:
For any polynomial gðxÞ ¼Pn1i¼0 gixiAFq½x; deﬁne gðsÞZ ¼ ðPn1i¼0 gisiÞZ ¼Pn1
i¼0 giZ
qi which is also a linear transformation on Fqn :
The null space (or kernel) of gðsÞ is deﬁned to be the set of all elements aAFqn such
that gðsÞa ¼ 0; we also call it the null space of gðxÞ: For any element aAFqn ; the
monic polynomial gðxÞAFq½x of the smallest degree such that gðsÞa ¼ 0 is called
the s-order of a (some authors call it the s-annihilator, the minimal polynomial, or
the additive order of a). We denote this polynomial by Orda;sðxÞ: Note that
Orda;sðxÞ divides any polynomial hðxÞ annihilating a (i.e. hðsÞa ¼ 0). In particular,
for every aAFqn ; Orda;sðxÞ divides xn  1; the minimal or characteristic polynomial
for s:
Our objective is to locate the normal elements in Fqn over Fq: Let aAFqn be a
normal element. Then a; sa;y; sn1a are linearly independent over Fq: So there is
no polynomial of degree less than n that annihilates a with respect to s: Hence,
according to Proposition 1, the s-order of amust be xn  1; that is a is a cyclic vector
of Fqn over Fq with respect to s: So an element aAFqn is a normal element over Fq if
and only if Orda;sðxÞ ¼ xn  1:
Let p denote the characteristic of Fq and let n ¼ n1pe; where gcdðp; n1Þ ¼ 1 and
eX0: For convenience we denote pe by t: Suppose that xn  1 has the following
factorization in Fq½x:
xn  1 ¼ ðj1ðxÞj2ðxÞ?jrðxÞÞt; ð1Þ
where jiðxÞAFq½x are the distinct irreducible factors of xn1  1: For 1pipr; let
FiðxÞ ¼ ðxn  1Þ=jiðxÞ: ð2Þ
We assume that FiðxÞ has degree mi for 1pipr:
Further we will need Schwarz’s Theorem [12] or Theorem 4.18 of Chapter 4 in [8]
which allows us to check if an irreducible polynomial is an N-polynomial.
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Proposition 2 (Menezes et al. [8, Theorem 4.18]). Let FðxÞ be an irreducible
polynomial of degree n over Fq and a be a root of it. Let xn  1 factor as in (1) and let
FiðxÞ be as in (2). Then FðxÞ is an N-polynomial over Fq if and only if
LFiðaÞa0 for each i ¼ 1; 2;y; r;
where LFiðxÞ is the linearized polynomial defined by LFiðxÞ ¼
Pmi
v¼0 tiv x
qv if FiðxÞ ¼Pmi
v¼0 tivx
v:
Deﬁnition 1. A sequence ðFkðxÞÞkX1 of N-polynomials FkðxÞAFq½x of degree nk is
called trace-compatible if for every kX1 and for any root akþ1 of Fkþ1ðxÞ the trace
Trqnkþ1 jqnk ðakþ1Þ is a root of FkðxÞ:
We consider certain inﬁnite extensions of a ﬁnite ﬁeld F2sn which have the shape
F22Nsn ¼
[
kX1
F
22
k1sn
and are speciﬁed by a sequence of irreducible polynomials FkðxÞAF2s ½x of degrees
2k1n: The basis of our construction in Section 3 will be the iterated application of
the Q-transformation which is deﬁned as follows.
Deﬁnition 2 (Q-transformation). If FðxÞAF2s ½x is a polynomial of degree m then its
polynomial image of degree 2m is deﬁned by
F QðxÞ ¼ xmFðx þ d2x1Þ;
where dAF2s :
Varshamov in [15] proved that this transformation can be used to produce an
inﬁnite sequence of irreducible polynomials over F2: Kyuregyan [4] suggested a more
general construction over F2s which is the following.
Proposition 3 (Kyuregyan [4, Theorem 3]). Let dAF2s and F1ðxÞ ¼
Pn
u¼0 cux
u be an
irreducible polynomial over F2s whose coefficients satisfy the conditions
Tr2sj2
c1d
c0
 
¼ 1 and Tr2sj2 cn1d
 	
¼ 1:
Then all members of the sequence ðFkðxÞÞkX1 defined by
Fkþ1ðxÞ ¼ F Qk ðxÞ ¼ x2
k1nFkðx þ d2x1Þ; kX1
are irreducible polynomials over F2s :
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In Section 4 we use the following rational transformations of polynomials: for a
polynomial FðxÞ of degree n its monic reciprocal is deﬁned by
F ðxÞ ¼ 1
Fð0Þ x
nFð1=xÞ: ð3Þ
Let p be the characteristic of Fq: In Section 4, for each positive integer k we shall
construct irreducible polynomials of degree pkn over Fq and N-polynomials of degree
pk over Fq: To do this we will need the result obtained by Varshamov [8,14].
Proposition 4 (Menezes et al. [8, Theorem 3.13]). Let PðxÞ ¼Pni¼0 cixi be an
irreducible polynomial over Fq; and let dAFq: Let p be the characteristic of Fq: Then the
polynomial Pðxp  x  dÞ is irreducible over Fq if and only if Trqjpðnd cn1Þa0:
3. N-polynomials and quadratic extensions
The following theorem shows how Proposition 3 can be used to produce inﬁnite
sequences of N-polynomials over F2s : The method of the proof of Theorem 1 implies
that the initial polynomial has to be a normal polynomial of degree n over F2s : So
this speciﬁc construction solves the problem raised by Scheerhorn in [10] for the
ﬁnite ﬁelds of characteristic 2:
Theorem 1. Let dAF2s and F1ðxÞ ¼
Pn
u¼0cux
u be an N-polynomial of degree n over F2s
whose coefficients satisfy the conditions
Tr2sj2
c1d
c0
 
¼ 1 and Tr2sj2 cn1d
 	
¼ 1: ð4Þ
Then the sequence ðFkðxÞÞkX1 defined by
Fkþ1ðxÞ ¼ x2k1nFkðx þ d2x1Þ; kX1 ð5Þ
is a trace-compatible sequence of N-polynomials of degree 2kn over F2s for every kX1:
Proof. Let a be a root of F1ðxÞ: Since the polynomial F1ðxÞ is an N-polynomial of
degree n over F2s ; then aAF2sn is a normal element over F2s and is of order
Orda;sðxÞ ¼ xn þ 1:
Let n ¼ n12e where n1 is an odd integer and eX0: For convenience we denote 2e by
t: Let xn þ 1 has the following factorization in F2s ½x:
xn þ 1 ¼ ðj1ðxÞj2ðxÞ?jrðxÞÞt; ð6Þ
where jiðxÞAF2s ½x are the distinct irreducible factors of xn þ 1:
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Let
FiðxÞ ¼ x
n þ 1
jiðxÞ
: ð7Þ
We assume that FiðxÞ ¼
Pmi
v¼0 tiv x
v; i ¼ 1; 2;y; r:
Since F1ðxÞ is an N-polynomial, by Proposition 2 we have
LFiðaÞa0 for each i ¼ 1; 2;y; r: ð8Þ
Now, let akþ1 be a root of Fkþ1ðxÞ: We have to show that for all kX1; akþ1 is a
normal element of F
22
ksn over F2s : According to Proposition 3, if both the conditions
in (4) are satisﬁed, then the polynomial Fkþ1ðxÞ ¼ x2k1nFkðx þ d2x1Þ is irreducible
over F2s of degree 2
kn for every kX1: Hence we need only to show that the s-order of
akþ1 is
Orda;sðxÞ ¼ x2kn þ 1:
Note that by (6) the polynomial x2
kn þ 1 has the following factorization in F2s ½x:
x2
kn þ 1 ¼ ðj1ðxÞj2ðxÞ?jrðxÞÞ2
kt;
where jiðxÞAF2s ½x are the distinct irreducible factors of x2kn þ 1:
Let
HiðxÞ ¼ x
2kn þ 1
jiðxÞ
or
HiðxÞ ¼
ðxn þ 1Þ P2k1j¼0 x jn 	
jiðxÞ
; i ¼ 1; 2;y; r
and by (7) we obtain
HiðxÞ ¼
X2k1
j¼0
x jn
 !
FiðxÞ:
Hence
HiðxÞ ¼
Xmi
v¼0
tiv
X2k1
j¼0
x jnþv
 !
:
It follows that
LHiðakþ1Þ ¼
Xmi
v¼0
tiv
X2k1
j¼0
a2
jsn
kþ1
 !2sv
: ð9Þ
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By (5) if aiþ1 is a zero of Fiþ1ðxÞ then aiþ1 þ d2a1iþ1 is a zero of FiðxÞ; so we may
assume that
aiþ1 þ d2a1iþ1 ¼ ai ð10Þ
for all 1pipk; where a1 ¼ a:
Now, by (10) and considering that FiðxÞ is an irreducible polynomial of degree
2i1n over F2s ; we obtain
a2
2i1sn
iþ1 þ d2a2
2i1sn
iþ1 ¼ a2
2i1sn
i ¼ ai: ð11Þ
Therefore by (10) and (11) we have
ða22i1sniþ1 þ aiþ1Þ þ d2ða2
2i1sn
iþ1 þ a1iþ1Þ ¼ 0
or
ða22i1sniþ1 þ aiþ1Þð1þ d2=a2
2i1snþ1
iþ1 Þ ¼ 0: ð12Þ
Considering also that Fiþ1ðxÞ is an irreducible polynomial of degree 2in over F2s ; it
follows that
a2
2i1sn
iþ1 þ aiþ1a0:
Hence by (12)
a2
2i1sn
iþ1 ¼ d2a1iþ1:
Therefore, we have
a2
2i1sn
iþ1 þ aiþ1 ¼ d2a1iþ1 þ aiþ1 ¼ ai ð13Þ
for 1pipk:
From (13) we immediately obtain
X2k1
j¼0
a2
jsn
kþ1 ¼
X2k11
j¼0
ða22k1snkþ1 þ akþ1Þ2
jsn ¼
X2k11
j¼0
a2
jsn
k ¼? ¼
X2ku1
j¼0
a2
jsn
kuþ1
¼
X2ku11
j¼0
ða22ku1snkuþ1 þ akuþ1Þ2
jsn ¼
X2ku11
j¼0
a2
jsn
ku ¼? ¼
X1
j¼0
a2
jsn
2 ¼ a1 ¼ a:
So we have
X2k1
j¼0
a2
jsn
kþ1 ¼ a:
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Substituting a for
P2k1
j¼0 a
2 jsn
kþ1 in (9), we obtain
LHiðakþ1Þ ¼
Xmi
v¼0
tiva2
sv
and by (8) we have
LHiðakþ1Þ ¼ LFiðaÞa0; i ¼ 1; 2;y; r:
Hence, according to Proposition 2 the element akþ1 is a normal element over F2s : So
Fkþ1ðxÞ is an N-polynomial over F2s :
And since by (13)
Tr
22
knsj22k1nsðakþ1Þ ¼ akþ1 þ a2
2k1sn
kþ1
¼ akþ1 þ d2a1kþ1 ¼ ak; kX1;
then by Deﬁnition 1 Fkþ1ðxÞ is a trace-compatible N-polynomial over F2s for each
kX1 and this completes the proof. &
Based on the results obtained above and using the results given in Section 4.4,
Chapter 4 in [8] namely, Corollaries 4.19, 4.20, 4.21, 4.22 we have the following
corollaries.
Corollary 1. Let d; aAF 2s and F1ðxÞ ¼ x þ a: Then the sequence ðFkðxÞÞkX1 defined by
Fkþ1ðxÞ ¼ x2k1Fkðx þ d2x1Þ of degree 2k is a trace-compatible sequence of N-
polynomials over F2s if both the conditions
Tr2sj2
d
a
 
¼ 1 and Tr2sj2 ad
 	
¼ 1
are satisfied.
Corollary 2. Let s be an odd integer and F1ðxÞ ¼ x2 þ x þ a aAF 2s : Then the sequence
ðFkðxÞÞkX1 defined by Fkþ1ðxÞ ¼ x2
k
Fkðx þ d2x1Þ of degree 2kþ1 is a trace-compatible
sequence of N-polynomials over F2s if the conditions
Tr2sj2ðaÞ ¼ 1 and Tr2sj2
d
a
 
¼ 1 and Tr2sj2
1
d
 
¼ 1
are satisfied.
Corollary 3. Let a; bAF2s and F1ðxÞ ¼ x2 þ ax þ b: Then the sequence ðFkðxÞÞkX1
defined by Fkþ1ðxÞ ¼ x2k Fðx þ d2x1Þ of degree 2kþ1 is a trace-compatible sequence of
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N-polynomials over F2s if the conditions
Tr2sj2
ad
b
 
¼ 1 and Tr2sj2 ad
 	
¼ 1 and Tr2sj2 b
a2
 
¼ 1
are satisfied.
Corollary 4. Let r be an odd prime and gcdðs; r  1Þ ¼ 1: Suppose that 2 is a primitive
element modulo r: Let F1ðxÞ ¼
Pr1
i¼0 x
i; dAF2s : Then the sequence ðFkðxÞÞkX1 defined
by
Fkþ1ðxÞ ¼ x2k1ðr1ÞFkðx þ d2x1Þ
of degree 2kðr  1Þ is a trace-compatible sequence of N-polynomials over F2s if the
conditions
Tr2sj2 dð Þ ¼ 1 and Tr2sj2
1
d
 
¼ 1
are satisfied.
Corollary 5. Let r be an odd prime and gcdðs; r  1Þ ¼ 1: Suppose that 2s is a primitive
element modulo r; and F1ðxÞ ¼
Pr
i¼0 cix
i is an irreducible polynomial over F2s whose
coefficients satisfy the conditions
Tr2sj2
c1d
c0
 
¼ 1 and Tr2sj2 cn1d
 	
¼ 1; where dAF2s :
Then the sequence ðFkðxÞÞkX1 defined by Fkþ1ðxÞ ¼ x2
k1rFkðx þ d2x1Þ of degree 2kr
is a trace-compatible sequence of N-polynomials over F2s :
4. Recursive constructions for irreducible polynomials and N-polynomials
In this section, based on the results obtained by Varshamov [8, Theorem 3.13 and
3.19] we suggest a more general iterative technique to construct irreducible
polynomials of arbitrarily large degrees over Fq; which in originally was given for
the Fp ﬁelds [8, Theorem 3.19]. This construction also gives a more general method
to construct sequences ðFkðxÞÞkX1 of N-polynomials of degree pkþ2 over Fq
compared with the ones given by Gao [3] and by Scheerhorn [11].
Theorem 2. Let q ¼ ps be a prime power and let FðxÞ ¼Pnu¼0 cuxu be an irreducible
polynomial over Fq: Suppose that there exists an element d0AFp; such that Fðd0Þ ¼ a
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with aAFp ; and
Trqjpðnd0 þ cn1Þ  TrqjpðF 0ðd0ÞÞa0: ð14Þ
Let g0ðxÞ ¼ xp  x þ d0 and gkðxÞ ¼ xp  x þ dk; where dkAF p ; kX1: Define F0ðxÞ ¼
Fðg0ðxÞÞ; and FkðxÞ ¼ F k1ðgkðxÞÞ for kX1; where Fk1ðxÞ is the reciprocal
polynomial of Fk1ðxÞ: Then for each kX0; the polynomial FkðxÞ is irreducible over
Fq of degree nk ¼ n  pkþ1:
Proof. The proof of the theorem is by induction. Since gkðxÞ is a constant on Fp; so
are FkðxÞ and F 0kðxÞ for kX0: Indeed, if lAFp and dAF p and nk ¼ pkþ1n; kX0; then
we have
F0ðlÞ ¼ Fðg0ðlÞÞ ¼ Fðd0Þ ¼ a ð15Þ
and, by (3) and (15) we have
F 0 ðdÞ ¼
1
F0ð0Þ  d
n0F0ðd1Þ ¼ 1
a
dnpa ¼ dn: ð16Þ
Similarly by (3) and (16)
F1ðlÞ ¼ F0 ðg1ðlÞÞ ¼ F0 ðd1Þ ¼ dn1:
F1 ðdÞ ¼
1
F1ð0Þ d
n1F1ðd1Þ ¼ 1dn1
dnp
2
dn1 ¼ dn: ð17Þ
So, it is easily proved by induction
FkðlÞ ¼ F k1ðgkðlÞÞ ¼ dnk; kX1 ð18Þ
and
F k ðdÞ ¼
1
Fkð0Þ d
nk Fkðd1Þ ¼ dn; kX1:
Now, according to (14), since by assumption Trqjpðnd0 þ cn1Þ is non-zero and FðxÞ
is irreducible over Fq; then by Proposition 4 the polynomial F0ðxÞ ¼ Fðg0ðxÞÞ is
irreducible over Fq: Further the induction is used to show that the coefﬁcient of x in
FkðxÞ denoted as ½xFkðxÞ is given by
½xFkðxÞ ¼
F 0ðd0Þ if k ¼ 0;
 d
n2
k
a
Qk1
u¼1 d
2
u
F 0ðd0Þ if kX1:
8><
>:
ARTICLE IN PRESS
M.K. Kyuregyan / Finite Fields and Their Applications 10 (2004) 323–341 333
Indeed, ﬁrst we consider F0ðxÞ
F 00ðxÞ ¼
d
dx
F0ðxÞ ¼ d
dx
Xn
u¼0
cug
u
0ðxÞ
 !
¼
Xn
u¼0
ucug
u1
0 ðxÞg00ðxÞ ðsince g00ðxÞ ¼ 1Þ
¼ 
Xn
u¼0
ucug
u1
0 ðxÞ ¼ F 0ðg0ðxÞÞ
and when lAFp; we have g0ðlÞ ¼ d0:
Hence
F 00ðlÞ ¼ F 0ðd0Þ ð19Þ
and since F0ðxÞ is monic
½xF0ðxÞ ¼ F 00ð0Þ ¼ F 0ðd0Þ:
By (3) the polynomial F 0 ðxÞ is monic, thus its coefﬁcient of xn01 is ½xF0ðxÞ=F0ð0Þ ¼
1
a
F 0ðd0Þ: Since aAFp ; then the trace coefﬁcient of xn01 is equal
Trqjpð½xF0ðxÞ=F0ð0ÞÞ ¼ 
1
a
TrqjpðF 0ðd0ÞÞ
which by (14) is non-zero. Hence Proposition 4 implies that the polynomial F1ðxÞ ¼
F0 ðg1ðxÞÞ is irreducible over Fq since F0 ðxÞ is irreducible over Fq:
Let
FkðxÞ ¼
Xnk
u¼0
bkux
u; kX0: ð20Þ
Then by (3) and (20) we have that
F1ðxÞ ¼ F0 ðg1ðxÞÞ ¼
1
F0ð0Þ
Xn0
u¼0
b0ug
n0u
1 ðxÞ
and
F 01ðxÞ ¼
1
F0ð0Þ
Xn0
u¼0
ðn0  uÞb0ugn0u11 ðxÞg01ðxÞ:
Using (15), and g01ðxÞ ¼ 1 and n0  u ¼ u in Fq; we have
F 01ðxÞ ¼
1
a
Xn0
u¼0
ub0ug
n0u1
1 ðxÞ:
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Hence for every lAFp; we obtain
F 01ðlÞ ¼
1
a
dn021
Xn0
u¼0
ub0ud
ðu1Þ
1 ¼
dn21
a
F 00ðd11 Þ:
By (19) we have
F 01ðlÞ ¼ 
dn21
a
F 0ðd0Þ: ð21Þ
Similarly by (20) we have
F 0kþ1ðxÞ ¼
1
Fkð0Þ
Xnk
u¼0
ðnk  uÞbkugnku1k ðxÞg0kðxÞ
or
F 0kþ1ðxÞ ¼
1
Fkð0Þ
Xnk
u¼0
ubkug
nku1
k ðxÞ; kX0: ð22Þ
By (22), (21) and (17), for k ¼ 1 and lAFp we obtain
F 02ðlÞ ¼
1
dn1
dn222 F
0
1ðd2Þ ¼ 
dn22
ad21
F 0ðd0Þ: ð23Þ
Using (23), assume for any kX1; lAFp we have
F 0kðlÞ ¼ 
dn2k
a
Qk1
u¼1 d
2
u
F 0ðd0Þ: ð24Þ
Then by (22) and (24)
F 0kþ1ðlÞ ¼
dn2kþ1
dnk
F 0kðdkþ1Þ ¼
dn2kþ1
dnk
 d
n2
k
a
Qk1
u¼1 d
2
u
F 0ðd0Þ
 !
:
So by induction, we have
F 0kþ1ðlÞ ¼ 
dn2kþ1
a
Qk
u¼1 d
2
u
F 0ðd0Þ: ð25Þ
Hence by (25) the coefﬁcient of x in FkðxÞ is given by
½xFkþ1ðxÞ ¼ F 0kþ1ð0Þ ¼ 
dn2kþ1
a
Qk
u¼1 d
2
u
F 0ðd0Þ; kX0: ð26Þ
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From relations (18) and (26) we have that
½xFkþ1ðxÞ
Fkþ1ð0Þ ¼  F
0ðd0Þ a
Ykþ1
u¼1
,
d2u
 !
; kX0: ð27Þ
Therefore by (27) the coefﬁcient of xnk1 in F k ðxÞ is
½xFkðxÞ
Fkð0Þ ¼  F
0ðd0Þ a
Yk
u¼1
,
d2u
 !
; kX1: ð28Þ
Also in view of the fact that a and duAFp; the trace coefﬁcient of xnk1 is equal
Trqjpð½xFkðxÞ=Fkð0ÞÞ ¼ 1
a
Qk
u¼1 d
2
u
Trqjp F 0ðd0Þð Þ:
So, the trace Trqjpð½xFkðxÞ=Fkð0ÞÞ is non-zero by assumption (14). Now, according
to Proposition 4, since by assumption the trace Trqjpð½xFkðxÞ=Fkð0ÞÞ of the
coefﬁcient xnk1 of the polynomial F k ðxÞ is non-zero and according to FkðxÞ ¼
Fk1ðgkðxÞÞ and (3) Fk ðxÞ is irreducible over Fq by induction, then the polynomial
Fkþ1ðxÞ ¼ Fk ðgkþ1ðxÞÞ is irreducible over Fq: This completes our proof. &
For the case when the sequence ðdkÞkX0 is constant, i.e. dk ¼ dAFp we have the
following corollary.
Corollary 6. Let q ¼ ps and let FðxÞ ¼Pnu¼0 cu xu be irreducible over Fq: Suppose that
there exists an element dAFp such that FðdÞ ¼ a with aAFp ; and
Trqjpðndþ cn1Þ  TrqjpðF 0ðdÞÞa0:
Let gðxÞ ¼ xp  x þ d; define F0ðxÞ ¼ FðgðxÞÞ and FkðxÞ ¼ F k1ðgðxÞÞ for kX1: Then
for each kX0 FkðxÞ is irreducible over Fq of degree nk ¼ npkþ1:
For s ¼ 1 this corollary matches with Theorem 3.19 given by Varshamov in [8].
Now we pass to the construction of N-polynomials over Fq:
For the case when the initial polynomial FðxÞ in Theorem 2 has the form FðxÞ ¼
xp þ bxp1  b ðbAFq; and TrqjpðbÞa0 and Trqjpðb1Þa0Þ we have the following
corollaries.
Corollary 7. Let q ¼ ps be a prime power and let bAFq such that both TrqjpðbÞ and
Trqjpðb1Þ are non-zero. Let F1ðxÞ ¼ xp þ bxp1  b and gkðxÞ ¼ xp  x þ dk and
dkAFp ; kX0: Define F0ðxÞ ¼ F1ðg0ðxÞÞ and FkðxÞ ¼ F k1ðgkðxÞÞ for kX1: Then for
each kX0 Fk ðxÞ is a sequence of N-polynomials over Fq of degree pkþ2:
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Proof. It is known that the trinomial FðxÞ ¼ xp  x  b1AFq½x (Artin–Schreier
polynomial) is irreducible over Fq if and only if the absolute trace Trqjpðb1Þ is non-
zero [8, Theorem 3.5]. Since FðxÞ is irreducible over Fq; then FðxÞ ¼ 1Fð0Þ xpðð1xÞp 
1
x
 b1Þ ¼ xp þ bxp1  b ¼ F1ðxÞ is irreducible over Fq; too. Now, since d0AF p
and F1ðd0Þ ¼ dp0 þ bdp10  b ¼ d0 and F 01ðd0Þ ¼ bd10 ; then the product of the
absolute traces
Trqjpðpd0 þ bÞ  TrqjpðF 01ðd0ÞÞ ¼ TrqjpðbÞ  Trqjpðbd10 Þ ¼ d10 ðTrqjpðbÞÞ2
by assumption is non-zero. Then all the conditions of Theorem 2 are satisﬁed. Hence
by Theorem 2, FkðxÞ is irreducible over Fq of degree pkþ2 for every kX0:
Note that in this case the test for normality, according to Proposition 2 is
particularly simple. If n ¼ pr in (1), then xpr  1 ¼ ðx  1Þpr ; so that j1ðxÞ ¼ x  1 is
the only choice for an irreducible factor. And in this case Proposition 2 is equivalent
to the following statement. Let n ¼ pr and PðxÞ ¼Pnu¼0 auxu be an irreducible
polynomial over Fq: Then PðxÞ is an N-polynomial if and only if an1a0: Here, by
(28) the coefﬁcient of xnk1 of the polynomial Fk ðxÞ is equal
½xFkðxÞ
Fkð0Þ ¼ 
b
ad0
Qk
u¼1 d
2
u
; kX0:
which is non-zero. So since F k ðxÞ is an irreducible polynomial over Fq of degree pkþ2
and its coefﬁcient xnk1 is non-zero, then it follows that Fk ðxÞ is an N-polynomial.
Thus a normal basis for F
qp
kþ2 over Fq has been constructed. The corollary is
proved. &
For the case when the sequence ðdkÞkX0 is constant, i.e. dk ¼ dAF p we have the
following corollary.
Corollary 8. Let q ¼ ps be a prime power and let bAFq such that both TrqjpðbÞ and
Trqjpðb1Þ are non-zero. Let F1ðxÞ ¼ xp þ bxp1  b and gðxÞ ¼ xp  x þ d and
dAF p : Define F0ðxÞ ¼ F1ðgðxÞÞ and FkðxÞ ¼ Fk1ðgðxÞÞ for kX1: Then for each
kX0 Fk ðxÞ is a sequence of N-polynomials over Fq:
For s ¼ 1 and d ¼ 1 Corollary 8 matches with Corollary 3.4.11 given by Gao in
[3].
Another iterative technique to construct a sequence ðFkðxÞÞkX1 of N-polynomials
of degree pkþ2 over Fq by employing Artin–Schreier polynomials was given by
Scheerhorn in [11].
Note that if we require Fðd0Þ ¼ aAF q in Theorem 2, then it follows from the proof
of Theorem 2 that in this case the trace coefﬁcient of xn01 in F0 ðxÞ will be equal to
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TrqjpðF
0ðd0Þ
a
Þ and the trace coefﬁcient of xnk1 in F k ðxÞ ðkX1Þ will be equal to
1Qk
u¼1 d
2
u
TrqjpðF
0ðd0Þ
a
Þ:
Thus in exactly the same way as in Theorem 2 we can prove the following fact.
Theorem 3. Let q ¼ ps be a prime power and let FðxÞ ¼Pnu¼0 cuxu be an irreducible
polynomial over Fq: Suppose that there exists an element d0AFp; such that Fðd0Þ ¼ a
with aAFq ; and
Trqjpðnd0 þ cn1Þ  Trqjp F
0ðd0Þ
Fðd0Þ
 
a0:
Let g0ðxÞ ¼ xp  x þ d0 and gkðxÞ ¼ xp  x þ dk; where dkAF p ; kX1: Define F0ðxÞ ¼
Fðg0ðxÞÞ; and FkðxÞ ¼ F k1ðgkðxÞÞ for kX1; where Fk1ðxÞ is the reciprocal
polynomial of Fk1ðxÞ: Then for each kX0; the polynomial FkðxÞ is irreducible over
Fq of degree nk ¼ n  pkþ1:
For the case when the initial polynomial FðxÞ in Theorem 3 has the form FðxÞ ¼
xp þ c
b
xp1  1
b
; we have the following corollaries.
Corollary 9. Let q ¼ ps and F1ðxÞ ¼ xp þ cb xp1  1b; where c; bAF q and c ¼ Ap1 for
some AAF q and
Trqjp
b
Ap
 
Trqjp
c
b
 	
Trqjp
c
bd0 þ c  1
 
a0:
Let gkðxÞ ¼ xp  x þ dk and dkAFp ; kX0: Define F0ðxÞ ¼ F1ðg0ðxÞÞ and FkðxÞ ¼
Fk1ðgkðxÞÞ for kX1: Then for each kX0 F k ðxÞ is a sequence of N-polynomials over Fq
of degree pkþ2:
Proof. By [8, Corollary 3.6] the trinomial FðxÞ ¼ xp  cx  b for c; bAFq is
irreducible over Fq if and only if c ¼ Ap1 for some AAFq and Trqjpð bApÞa0: Since
FðxÞ is irreducible over Fq; then FðxÞ ¼ xp þ cbxp1  1b ¼ F1ðxÞ is irreducible over
Fq; too. Now, since d0AF p and F1ðd0Þ ¼ d0 þ cb  1b and F 01ðd0Þ ¼  cbd0; then the
product of the absolute traces
Trqjp pd0 þ c
b
 	
Trqjp
F 01ðd0Þ
F1ðd0Þ
 
¼  1
d0
Trqjp
c
b
 	
Trqjp
c
d0b þ c  1
 
by assumption is non-zero. Then all the conditions in Theorem 3 are satisﬁed. Hence
by Theorem 3, FkðxÞ is irreducible over Fq of degree pkþ2 for every kX0: Here, by
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(28) the coefﬁcient of xnk1 of the polynomial Fk ðxÞ is equal
½xFkðxÞ
Fkð0Þ ¼ 
c
d0ðd0b þ c  1Þ
Qk
u¼1 d
2
u
; kX0:
which is non-zero. So since F k ðxÞ is an irreducible polynomial over Fq of degree pkþ2
and its coefﬁcient xnk1 is non-zero, then it follows that Fk ðxÞ is an N-polynomial.
The corollary is proved. &
For c ¼ 1 and b ¼ b1 Corollary 9 matches with Corollary 7.
From Theorem 3 and [8, Corollary 4.19] we immediately have also the following
corollary.
Corollary 10. Let q ¼ ps be a prime power and let FðxÞ ¼Pptu¼0 cuxu be an irreducible
polynomial over Fq; where tX0: Suppose that there exists an element d0AFp; such that
Fðd0Þ ¼ a with aAF q ; and
Trqjpðcpt1ÞTrqjp F
0ðd0Þ
Fðd0Þ
 
a0:
Let g0ðxÞ ¼ xp  x þ d0 and gkðxÞ ¼ xp  x þ dk; where dkAF p ; kX1: Define F0ðxÞ ¼
Fðg0ðxÞÞ; and FkðxÞ ¼ F k1ðgkðxÞÞ for kX1; where Fk1ðxÞ is the reciprocal
polynomial of Fk1ðxÞ: Then for each kX0; the polynomial Fk ðxÞ is an N-polynomial
over Fq of degree nk ¼ ptþkþ1:
5. Linear transformation of the N-polynomials over ﬁnite ﬁelds
The following method for constructing N polynomials over Fq is interesting from
both a theoretical and a practical point of view.
Theorem 4. Let q ¼ ps and n ¼ pen1 with gcdðp; n1Þ ¼ 1 and eX1: Let PðxÞ ¼Pn
u¼0 aux
u be an N-polynomial of degree n over Fq: Then the polynomial
FðxÞ ¼ Pðax þ bÞ; ð29Þ
where a; bAFq and aa0 is an N-polynomial over Fq:
Proof. Let a be a root of PðxÞ: Since the polynomial PðxÞ is an N-polynomial of
degree n over Fq; then aAFqn is a normal element of Fqn over Fq and is of s-order
Orda;sðxÞ ¼ xn  1: Since the polynomial PðxÞ is an irreducible polynomial over Fq
and a; bAFq and aa0; then it follows that the polynomial FðxÞ ¼ Pðax þ bÞ is
irreducible over Fq and if a is a root of PðxÞ; then b ¼ a1ða bÞ is a root of FðxÞ by
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(29). Let xn  1 factor as (1) and let FiðxÞ be as in (2). Then
FiðxÞ ¼
ðxn1  1ÞðPpe1j¼0 x jn1Þ
jiðxÞ
; i ¼ 1; 2;y; r: ð30Þ
And let
HiðxÞ ¼ x
n1  1
jiðxÞ
:
We assume that FiðxÞ ¼
Pki
v¼0 bivx
v; i ¼ 1; 2;y; r: So by (30) we have
FiðxÞ ¼ HiðxÞ
Xpe1
j¼0
x jn1
 !
:
Hence
FiðxÞ ¼
Xki
v¼0
biv
Xpe1
j¼0
x jn1þv
 !
:
By Proposition 2
LFiðbÞ ¼LFiða1ða bÞÞ ¼
Xki
v¼0
biv
Xpe1
j¼0
ða1ða bÞÞq jn1þv
 !
¼ a1
Xki
v¼0
biv
Xpe1
j¼0
aq
jn1þv  peb
 ! !
¼ a1LFiðaÞ:
Now, since by Proposition 2 PðxÞ is an N-polynomial over Fq if and only if
LFiðaÞa0; i ¼ 1; 2;y; r; then we have LFiðbÞa0; i ¼ 1; 2;y; r: Therefore, according
to Proposition 2 the element bAFqn is a normal element of Fqn over Fq: So by (29) the
polynomial FðxÞ is an N-polynomial over Fq: This completes our proof. &
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